Abstract. -We prove that every irreducible component of the fixed point variety under the action of µ d in a smooth Caloger-Moser space is isomorphic to a Calogero-Moser space associated with another reflection group.
×
-action on the Calogero-Moser space c (V , W ). We define a reflection subquotient of (V , W ) to be a pair (V ′ should be linear. Note also that, as stated, it might be a little bit optimistic: maybe one should replace by its normalization (as it is not clear whether is normal or not). A special case of an element σ normalizing W is when σ is a root of unity, viewed as the corresponding homothety on V . The aim of this paper is to prove the following result:
Theorem. Conjecture F holds if c (V , W ) is smooth and σ is a root of unity.
The first author is partly supported by the ANR (Project No ANR-16-CE40-0010-01 GeRepMod).
The proof is by case-by-case analysis, as the triples (V , W , c ) such that c (V , W ) is smooth are classified (see the works of Etingof-Ginzburg [8] , Gordon [10] , Bellamy [1] ). The classification and the conjecture can be easily reduced to the case where W acts irreducibly on V /V W and in this case, the smoothness of c (V , W ) implies that W is of type G (l , 1, n) or G 4 in Shephard-Todd classification. The case of G 4 can be handled by computer calculations (see Section 5) , while the infinite family case will be handled by using an isomorphism between c (V , W ) and a quiver variety.
Notation and main result
All along this note, we will abbreviate ⊗ as ⊗. By an algebraic variety, we mean a reduced scheme of finite type over .
Set-up.
We fix in this paper a -vector space V of finite dimension n and a finite subgroup W of GL (V ). We set
and we assume that
We also fix an element σ ∈ GL (V ) of finite order normalizing W . 
, and which is a free P-module of rank |W |. We denote by 1.C. Filtration of the group algebra. -If w ∈ W , we set cod(w ) = codim (V w ). We define a filtration • ( W ) of the group algebra of W as follows: let 
× , this gives an injective map i : Irr(W ′ ) → Irr(W ), depending on and the choice of i . This allows to define a surjective morphism of algebras
as follows: if χ ∈ Irr(W ), let e W χ denote the corresponding primitive central idempotent of W and set
if χ is does not belong to the image of i .
Using results of Shan and the first author [5] , Theorem 1.3 has the following consequence:
Proof. -If is a complex algebraic variety endowed with a × -action, we denote by 
is the Rees algebra associated with the filtration • (Z( W )). Using the analogous result for c ′ (V ′ , W ′ ) and the functoriality of equivariant cohomology, we get a morphism of algebras i * :
Now, we will use not only [5, Theorem A] but also its proof: the proof goes by restriction to the fixed point subvariety c (V , W ) × and identifying 
This shows the corollary.
In Remark 4.18 and Theorem 4.21, we will describe combinatorially the injective map
Preliminaries on quiver varieties
2.A. Quiver varieties. -Let Q l denote the cyclic quiver with l vertices, defined as follows:
• Vertices: i ∈ /l ; • Arrows: y i : i −→ i + 1, i ∈ /l . We denote by Q l the double quiver of Q l that is, the quiver obtained from Q l by adding an arrow x i : i + 1 → i for all i ∈ /l (see Figure 1) .
is a family of elements of , we denote by GL(d ) the direct product
by ∆ × the image of × in GL(d ) through the diagonal embedding ∆ : × → GL(d ) and we set 
and
We will usually denote an element
This action commutes with the action of GL(d ) and the moment map is constant on Consider the Lie algebra g l = sl l ( ) and its affine version g l = sl l ( ) = sl l ( )[t , t . If l = 1, there is nothing to define so we may assume that l 2. 
It is readily seen that these definitions on generators extend to an action of the whole group W aff l . We also define a pairing
It is proved in [17, Corollary 3.6 ] that (2.4)
Note that this isomorphism takes into account the convention of Remark 2.1.
The isomorphism above motivates to consider the following equivalence relation on the set
. Let ∼ be the transitive closure of
Recall also from [8, §11] the following result, which follows from the fact that θ (nδ l ) is isomorphic to some Calogero-Moser space (we will use this fact later, and make this statement more precise):
is normal and irreducible of dimension 2n. Definition 2.6. -We say that the pair (d , θ ) is smooth if it is equivalent to a pair of the form (nδ l , θ ′ ) such that n 0 and θ ′ (nδ l ) is smooth. In particular, in this case, the variety θ (d ) is smooth and non-empty.
Recall that the affine Weyl group has another presentation. We have W aff l = W l ⋉ R l , where W l = S l is the non-affine Weyl group, that is, the subgroup generated by s 1 ,. . . ,
can be written in a unique way in the form w · t α , where w ∈ W l and α ∈ R l . Let δ l denote the constant family δ = (1) 
. In the following lemma we identify
Proof. -This statement is a partial case of [13, (6.5. 2)] (see also Remark 2.2). Let us prove the uniqueness of n. Assume that n 1 δ l and n 2 δ l are in the same
Consider the -linear map
given by
The kernel of this map is δ l . Set
Proof. -The W We denote by
which belong to the orbit of some nδ l , with n 0. This set has a more precise combinatorial description. For example, it will follow from Proposition 4.4 that an element d ∈ (1) The variety θ (nδ l ) is smooth.
(2) Every element of θ (nδ l ) defines a simple representation of the quiver Q l .
The family θ satisfies
If these equivalent conditions hold, then PGL(nδ l ) acts freely on θ (nδ l ), and so, as a set, 
. This means that, in order to describe θ (nδ l ) µ m , we may replace µ m by 〈µ m , µ l 〉 or, in other words, we may assume that l divides m.
Hypothesis. We fix in this subsection a non-zero natural number k and we set m = k l .
We denote by
where
and let i ∈ /l . Write p 0 for the rank one matrix
k induces a morphism of algebraic varieties still denoted by
For the moment, we allow the possibility that the varieties θ [k ] (d ) and d are empty. Set
But we will show in Corollary 4.13 that we have
The next result describes the fixed point variety θ (nδ l ) µ m : it is the main step towards the proof of Theorem 1.3. Theorem 2.13. -Assume that θ (nδ l ) is smooth. Then:
Proof. -(a) follows from the fact already mentioned in the proof of Corollary 1.5 that the fixed point variety under the action of a finite group on a smooth variety is again smooth.
We will now prove (b). Let ξ be a primitive m-th root of unity and let ζ = ξ k (it is a primitive l -th root of unity). Let g 0 denote the element
. We will use the following variety:
: it is 0 except on the 0-th component, where it is equal to a rank one matrix of trace −nΣ(θ ) (recall from Theorem 2.11 that Σ(θ ) = 0 because θ (nδ l ) is assumed to be smooth). We denote by p ′ :
→ θ (nδ l ) the projection on the first two factors, by p :
and by q : → GL(nδ l ) the projection on the third factor. Note that PGL(nδ l ) acts on by conjugacy on the three factors, and so the maps p ′ and q are equivariant for this action.
First, it is clear that p ( )
So we have proved the following fact:
The next fact follows from the freeness of the action of PGL(nδ l ) on θ (nδ l ) (see Theorem 2.11).
Indeed, the hypothesis implies that
So there exists two non-zero complex numbers α and β such that g ′ = αg and
is a disjoint union of finitely many semisimple conjugacy classes (which are the irreducible components of ). We fix g ∈ such that q −1 (g ) = ∅ and we denote by g its conjugacy class in GL(nδ l ). We will describe q −1 (g ). For this, let E = i ∈ /l n and let E j = E ξ − j g (for j ∈ /m ). In other words, E j is the ξ j -eigenspace of g in E : it is contained in the i -th component of E , where i is the element of /l such that
If (X , Y , g ) ∈ , then X sends E j to E j −1 (we denote by X j : E j → E j −1 the induced map) while Y sends E j to E j +1 (we denote by Y j : E j → E j +1 the induced map). By choosing a basis of every E j , the family (X j , Y j ) j ∈ /m defines a representation of the quiver Q m , of dimension vector d . This means that we have defined a map q −1 (g ) −→ Rep(Q m , d ), which is clearly a closed immersion, and whose image is
Note 
This shows the following fact.
Fact 3.
With the above notation,
Fact 3 and its proof imply the following.
Fact 4. We have
Denote by π the projection π: θ (nδ l ) → θ (nδ l ). Fact 2 implies that the map p
is smooth (the group PGL(nδ l ) acts freely on θ (nδ l )), this bijection is an isomorphism of algebraic varieties. Let
where the group GL(nδ l ) acts on itself by conjugation. Moreover, since we clearly have τ −1 ( g ) = p (q −1 ( g )), Fact 4 implies the following.
Fact 5. We have
This completes the proof of (b). Now we prove (c). The group GL(nδ l ) acts transitively on g . So we get an isomorphism of varieties
) identifies with GL(d ). Glueing this with Facts 3 and 4, we get an isomorphism of varieties
k . This proves (c). Since i
(by Theorem 2.13(b)), the × -action on the variety θ (nδ l ) µ m is also trivial.
Proof of Theorem 1.3
First, the explicit description of c whenever n = 1 (see Example 1.2) allows to prove easily Theorem 1.3 in this case. Also, let us decompose V as
where the V i are the non-trivial irreducible components of V as a W -module. 
so that the proof of Theorem 1.3 is easily reduced to the case where W acts irreducibly on
In this case, the smoothness of c (V , W ) implies that W is of type G 4 or G (l , 1, n) for some l 1. The case of type G 4 will be handled by computer calculations: see Section 5 for details. This means that we can work under the following hypothesis:
Hypothesis. From now on, and until the end of this section, we assume that n 2, that V = n and that W = G (l , 1, n). We also assume that σ is an m-th root of unity, where m = k l for some k 1.
Recall that G (l , 1, n) is the group of monomial matrices with coefficients in µ l (the group of l -th root of unity in × ) and recall that n 2.
3.A. Quiver varieties vs Calogero-Moser spaces. -
We fix a primitive l -th root of unity ζ. We denote by s the permutation matrix corresponding to the transposition (1, 2) and we set
is a set of representatives of conjugacy classes of reflections of W . We set for simplification a = c s and
The following result is proved in [11, Theorem 3.10] . The theorem above is also true for n = 1. But in this case, the variety c has no parameter a . On the other hand, the variety θ (δ l ) is independent of θ 0 .
(Note that our k i is related with Gordon's H i via
Putting Theorems 2.11 and 3.3 together, one gets: Now, using the fact proved above, let x denotes the matrix
where M (1,2,. ..,k ) is the permutation matrix associated with the cycle (1, 2, . . ., k ) . Now, let g be the matrix
Let V ′ denote the ξ-eigenspace of g , where ξ is a primitive m-th root of unity such that ξ k = ζ. Then C W (g ) acts on V ′ , V ′ is of dimension r and, if we denote by K the kernel of this action, then G (m, 1, r ) ) is a reflection subquotient of (V , W ). 
In particular, we see that the subgroup W l of W aff l acts by permutation of the parameters k 0 , k 1 ,. . . , k l −1 .
The next result follows from [2] , but we provide here a different proof (which works only in type G (d , 1, n) ). , we have θ (nδ l ) ≃ w (θ ) (nδ l ). This proves the statement by Theorem 3.3 and Remark 3.5
Combinatorics
In this subsection, we aim to make the statement of Theorem 1.3 more precise in the case where W = G (l , 1, n): we wish to describe precisely the map c → c In this case we have Res l (λ) = (3, 2, 2) because there are three boxes with residue 0, two boxes with residue 1 and two boxes with residue 2.
We say that a box of a Young diagram is removable if it has no box on the right and on the bottom. For λ, µ ∈ , we write µ λ if the Young diagram of µ can be obtained from the Young diagram of λ by removing a sequence of removable boxes. See [3] for more details about the combinatorics of l -cores. Let l ⊂ be the set of
If a partition λ is not an l -core, then we can get a smaller Young diagram from its Young diagram by removing l boxes with different l -residues. We can repeat this operation again and again until we get an l -core. It is well-known that the l -core that we get is independent of the choice of the boxes that we remove. Then we get an application
If µ = Core l (λ), we will say that the partition µ is the l -core of the partition λ. is bijective by Lemma 2.8.
Denote by l [≡ n] the subset of l that contains only l -cores with the number of boxes congruent to n modulo l . Proposition 4.5 yields the following bijection ǫ :
Since by Proposition 4.4, the element
Then, by definition, the element d is in ( /l ) + if and only if r 0. Now, let us count the sum of the coordinates in the sides of the equality d = Res l (λ) + r δ l . We obtain n = |λ| + r l . This shows that we have r 0 if and only if |λ| n.
Let ν be an l -core. Denote by l ,ν the set of partitions with the l -core ν. In particular we denote by l ,∅ the set of partitions with trivial l -core. Let l be the set of l -partitions (i.e., the set of l -tuples of partitions). If λ is a partition, we denote by β l (λ) its l -quotient (see for example [16, Sec. 2.2] ). 
Recall that we have a bijection ǫ : 
Recall that the set (k , l , n) was defined as the intersection (k , l , n) = 
We say that an element of l [n] is an l -partition of n. Now recall the bijection β l ,ν : l ,ν 
Part (a) of the lemma above shows that β l ,∅ can be restricted to a bijection
. Moreover, part (b) shows that new bijection restricts to a bijection
l ; |λ| n and |λ| ≡ n mod k }.
Combining this with Lemma 4.9, we get a bijection
4.C. Parametrization of the µ m -fixed points. -We have proved in Theorem 2.13 that the subset (k , l , n) =∅ of (k , l , n) parametrizes the irreducible components of θ (nδ l ) µ m .
(But we will show in Corollary 4.13 that we have (k , l , n) =∅ = (k , l , n).) Then the bijection δ above gives another parametrization of the irreducible components of θ (nδ l )
Recall the map Core k : → k . It yields a map Core k : This new parametrization has the following nice property. 
Proof. -Consider the map
We have 
Moreover, an argument similar to the proof of Proposition 4.12 shows that the obtained 
♭ identifies the parametrization of the On the other hand, the parametrization of the µ m for a very big m. This parametrization can be seen in an "m-independent way" if we replace the quiver Q m with a very big m by an infinite quiver. This can be done in the following way.
Let Q ∞ be the quiver difined in the same way as Q l with respect to the vertex set instead of /l . The dimension vectors of the quiver Q ∞ are in . Set fin = { d ∈ ; d has finitely many non-zero components}. Consider the map
For each d ∈ fin , we have a linear map i
, defined in the same way is in Section 2.D. Now, for each θ ∈ /l we consider the element θ [∞] ∈ given by θ [∞] i = θ i mod l . Then we obtain a × -invariant morphism of algebraic varieties 
, n] and let r = (n − |γ|)/k . Then there is an isomorphism of varieties
where c ′ : Ref (G (l k , 1, r ) ) → is the parameter associated with the family (a
where ν = (β l ,∅ ) −1 (γ) is an m-core.
be the (surjective) morphism of algebras defined by
otherwise.
Remark 4.23. -Note that the statement of Corollary 4.22 involves only the character theory of groups of type G (l , 1, n) and the combinatorics of partitions. However, our proof relies on the geometric results on quiver varieties proved here as well as the computation of the equivariant cohomology of smooth Calogero-Moser spaces done in [5] . It is a natural question to ask whether such a result can be proved directly by combinatorial methods.
Type G 4
Hypothesis. In this section, and only in this section, we assume that V = 2 , we identify GL (V ) with GL 2 ( ), we fix a primitive third root of unity ω, we set and we assume that W = 〈s , t 〉, so that W is of type G 4 in ShephardTodd classification. We denote by (y 1 , y 2 ) the canonical basis of V and by (x 1 , x 2 ) its dual basis. We also set ρ = 1 + 2ω, so that ρ
In this case, we will check Conjecture F even if c is not smooth (and for all elements σ ∈ GL (V ) normalizing W , as any such elements belong to × · W , as we will see in the proof below). and is the unique conjugacy class of reflections of determinant ω. Since σs σ −1 is a reflection of W of determinant ω, there exists w ∈ W such that w σ commutes with s . Since W acts trivially on c , we may, and we will, assume that σs σ −1 = s . Now, σt σ −1 belongs to this conjugacy class and is different from s , so there exists i ∈ such that s i σ commutes with t . So, replacing σ by s i σ, we may, and we will, assume that σ commutes with s and t . In other words, σ is a root of unity.
Since Z(W ) ≃ µ 2 , we may also assume that the order of σ is even, equal to 2d for some d 2 (because the case d = 1 is obvious). Let I d denote the ideal of Z c generated by the σ(z ) − z , where z runs over a set of generators of Z c . Then Note that there is only one W -orbit of reflecting hyperplanes. So, as in Example 1.2, we set
In [6] , Thiel and the first author have provided algorithms for computing presentations of the algebra Z c , and such algorithms have been included in the MAGMA package CHAMP developed by Thiel [20] (about the MAGMA software, see [18] ). These algorithms provide an explicit presentation of the center Z c given as follows:
Generators: 
